Abstract. The article is devoted to the obtainment of exact and approximate expressions for mean-square error of approximation of multiple Ito stochastic integrals from the stochastic Taylor-Ito expansion for the method, based on generalized multiple Fourier series. As a result, we won't need to consider redundant terms of expansions of multiple Ito stochastic integrals, that may complicate numerical methods for Ito stochastic differential equations. The results of the article may be applied to numerical integration of Ito stochastic differential equations.
Introduction
In this article we develop the method of expansion and mean-square approximation of multiple Ito stochastic integrals, based on generalized multiple Fourier series, converging in the mean, which was proposed by author [1] - [9] . Hereinafter, this method referred to as the method of multiple Fourier series. The question about how estimate or even calculate exactly mean-square error of approximation of multiple Ito stochastic integrals for the method of multiple Fourier series composes the subject of the article. From the one side the mentioned question is essentially difficult in the case of multi-dimensional Wiener process, because of we need to take into account different combinations of components of multi-dimensional Wiener process. From the other side the effective solution of the mentioned problem allows to constructing more economic numerical methods for Ito stochastic differential equations.
In the section 1 we give the formulation of the main theorem (theorem 1), which is represents the base of the method of multiple Fourier series [1] and introduce denotations.
Section 2 is devoted to the formulation and proof of the theorem (theoren 2) which allows to calculate exacly the mean-square error of approximation of multiple Ito stochastic integrals of arbitrary multiplicity k for the method of multiple Fourier series. In [8] we consider the scheme of the proof, but here we give the complete proof of the theorem 2.
The particular cases (k = 1, . . . , 5) of the theorem from the section 2 are considered in details in the section 3.
In the secton 4 we prove the effective estimate for the mean-square error of approximation of multiple Ito stochastic integrals of arbitrary multiplicity k for the method of multiple Fourier series (theorem 3).
The results of the article can be useful for numerical integration of Ito stochastic differential equations in accordance with the strong (mean-square) criterion [10] - [12] .
Let (Ω, F, P) be a complete probubility space, let {F t , t ∈ [0, T ]} be a nondecreasing right-continous family of σ-subfields of F, and let f t be a standard m-dimensional Wiener stochastic process, which is F t -measurable for any t ∈ [0, T ]. We assume that the components f 
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, where 1 A is the indicator of the set A.
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Theorem 1 (see [1] - [7] ). Suppose that every ψ l (τ ) (l = 1, . . . , k) is a continuous on [t, T ] function and {φ j (x)} ∞ j=0 is a complete orthonormal system of continuous functions in
; g, r = 1, . . . , k};
l.i.m. is a limit in the mean-square sense; i 1 , . . . , i k = 0, 1, . . . , m; every
is a standard Gaussian random variable for various i or j (if i = 0); C j k ...j1 is the Fourier coefficient (4); ∆w
, which satisfies the condition (5).
In order to evaluate significance of the theorem 1 for practice we will demonstrate its transformed particular cases for k = 1, . . . , 4 [1] - [8] :
where 1 A is the indicator of the set A. The cases k = 5, 6, 7 are considered in [1] - [7] .
Exact Calculation of Mean-Square Error of Approximation of Multiple Ito Stochastic integrals
Theorem 2 (see [6] , [8] ). Suppose that every
has the form (4), every
is a standard Gaussian random variable for various i or j (i = 1, . . . , m),
means the sum according to all possible derangements (j 1 , . . . , j k ), at the same time if j r changed places with j q in the derangement (j 1 , . . . , j k ), then i r changes places with i q in the derangement (i 1 , . . . , i k ); another denotations see in the theorem 1.
Therefore in the case of pairwise different numbers i 1 , . . . , i k from the theorem 2 we obtain:
Moreover, if i 1 = . . . = i k , then from the theorem 2 we get:
means the sum according to all possible derangements (j 1 , . . . , j k ).
For example, for the case k = 3 we have:
Proof. Using the theorem 1 for the case p 1 = . . . = p k = p we obtain:
For n > p we can write down:
Not difficult to understand (see (9) - (11)) that due to independence of random variables ζ (i) j for different j (i = 0) and due to special structure of random variables S (i1...i k ) j1,...,j k the following relations are correct: (18) and (19) we obtain:
Due to (16), (13) and (17) we can write down:
T,t . We have:
where K is a constant. From (20) it follows:
Taking into account (21) we obtain
Note that the value S
consists of finite sum of constants and multiple Itô stochastic integrals with multiplicities less, than k (see (9) - (11)). Then from standard moment proterties of stochastic integrals [13] we obtain
In result we have:
Let's consider the value
Using the Ito formula we get:
consists of finite sum of constants and multiple Itô stochastic integrals with multiplicities less, than k; (j1,...,j k ) means the sum according to all possible derangements (j 1 , . . . , j k ), at the same time if j r changed places with j q in the derangement (j 1 , . . . , j k ), then i r changes places with i q in the derangement (i 1 , . . . , i k ); another denotations see in the theorem 1.
As we noted above
j1,j2,j3 w. p. 1.
From (2), (25) and (26) we obtain:
The theorem 1 is proven.
3. Exact calculation of mean-square errors of approximation for the cases k = 1, . . . , 5
Let's denote
3.1. The case k = 1. In this case from the theorem 1 we obtain:
3.2. The case k = 2. In this case from the theorem 1 we obtain: (I). i 1 = i 2 :
Example 1. Let's consider the following double Ito stochastic integral from the stochastic TaylorIto expansion [10] - [12] :
where i 1 , i 2 = 1, . . . , m. Approximation, based on the expansion (9) for the integral (28) (case of Legendre polynomials) has the following form [1] :
Using (27) we obtain [1] :
3.3. The case k = 3. In this case from the theorem 1 we obtain: (I). i 1 = i 2 , i 1 = i 3 , i 2 = i 3 :
Example 2. Let's consider the following triple Ito stochastic integral from the stochastic Taylor-Ito expansion [10] - [12] :
where i 1 , i 2 , i 3 = 1, . . . , m. Approximation, based on the expansion (10) for the integral (32) (case of Legendre polynomials; p 1 = p 2 = p 3 = p) has the following form [9] :
, where (34)
j3j2j1 ,
where P i (x) is the Legendre polynomial (i = 0, 1, 2, . . .).
For example, using (31) we obtain:
As mentioned in [9] , the exact values of coefficientsC kji when i, j, k = 0, 1, . . . , p can be calculated using DERIVE (computer packs of symbol transformations). In [9] we can find tables of FourierLegendre coefficients for approximations of multiple Ito stochastic integrals of multiplicity 1-5.
For the case i 1 = i 2 = i 3 it is comfortable to use the following formula [10] - [12] :
w. p. 1.
3.4.
The case k = 4. In this case from the theorem 1 we obtain: (I). i 1 , . . . , i 4 are pairwise different:
3.5. The case k = 5. In this case from the theorem 1 we obtain: (I). i 1 , . . . , i 5 are pairwise different:
(j2,j3) (j1,j4,j5) C j5...j1 .
Estimate for Mean-Square Error of Approximation of Multple Ito Stochastic Integrals
Theorem 3 (see [5] , [6] ). Suppose that every ψ l (τ ) (l = 1, . . . , k) is a continuous on [t, T ] function and {φ j (x)} changed correspondently and if t r changed places with t q in the derangement (t 1 , . . . , t k ), then i r changes places with i q in the derangement (i 1 , . . . , i k ).
Let's consider the class M 2 ([0, T ]) of functions ξ : [0, T ] × Ω → ℜ 1 , which satisfy the conditions: (i). The function ξ(t, ω) is a measurable in accordance with the collection of variables (t, ω); (ii). The function ξ(t, ω) is F t -measurable for all t ∈ [0, T ] and ξ(τ, ω) independent with increments f t+∆ − f ∆ for ∆ ≥ τ, t > 0;
It is well known [13] , that Ito stochastic integral exists in the mean-square sence for any ξ ∈ M 2 ([0, T ]).
Let's consider standard moment properties of stochastic integrals [13] 
In the case of any fixed k and numbers i 1 , . . . , i k = 1, . . . , m the integrals in the right part of (36) will be depend in the stochastic sense. Let's estimate the second moment of R . . .
. . . . . . . . .
where C k -is a constant. Not difficult to see that constant C k depend on k (k -is a multiplicity of multiple Ito stochastic integral) and T − t (T − t -is an interval of integration of multiple Ito stochastic integral).
Moreover C k has the following form
where α 1 , α 2 , . . . , α k! = 0, 1, . . . , k − 1. However, as we noted before, it is obvious, that the interval T − t of integration of multiple Ito stochastic integrals is a step of numerical procedures for Ito stochastic differential equations which is a small value. For example T − t < 1. Then C k ≤ k!.
It means, that for the case any fixed k and numbers i 1 , . . . , i k = 0, 1, . . . , m (T − t < 1) we can write down the (35). The theorem 3 is proven. where C kji has the form (34).
